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Abstract— In this work, clearness index–
based computation and evaluation of mean daily 
insolation and optimal fixed tilt angle for PV 
installation in Uyo, Akwa Ibom State is presented. 
Specifically, this study is concerned with 
presenting an approach for, one computing the 
daily mean insolation on a tilted PV plane and two, 
obtaining the yearly fixed optimal PV tilt angle for 
the PV installation based on the computed daily 
mean insolation.  The mathematical expressions 
and algorithm used are presented in 12 steps. 
Sample computation was first performed for tilt 
angles ranging from 1° to 70° and the optimal tilt 
angle obtained is 2.998468°. A second 
computation was performed based  on tilt angles 
ranging from 1° to 10° and the optimal tilt angle 
obtained is 5.643515°. The results showed that the 
optimal tilt angle of 5.643515° has the highest 
annual mean transposition ratio of 1.0377041, 
followed by optimal tilt angle of 5.041299° which 
has the annual mean transposition ratio of 
1.0376606 and error of about 0.004%. The initial 
estimate of the optimal tilt angle is 2.998468° and 
it has error in the annual mean transposition ratio 
of 0.081 %. Also, the optimal tilt angle obtained is 
compared with four other empirical optimal tilt 
angle options. The results showed that two of the 
available options have errors less than 0.01 % of 
the optimal solution while the other remaining two 
options have error above 4 % of the optimal 
solution.   

 

Keywords— Clearness Index, Mean Daily 
Insolation, Fixed Optimal Tilt Angle, Transposition 
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1.  INTRODUCTION 

Nowadays, solar power system has dominated the 
alternative energy solution in Nigeria [1,2,3]. This is 
because of the abundant supply of solar radiation all 
through the year in every location in Nigeria [4,5,6].  Also, 
the continuous rise in the cost of grid energy supply and the 
rise in fossil fuel cost also drives the rise in the adoption of 
solar energy option [7,8,9].  

In any case, design and installation of solar power plant 
require knowledge of the solar radiation available at the 
installation site 10,11]. In most case, mean daily insolation 
and annual mean of the daily insolation values are used in 
the design [12,13]. In addition, photovoltaic (PV) module is 
usually tilted to capture the most of the solar radiation 
available at a given location [14,15,16]. The knowledge of 
the solar radiation on the horizontal surface and the optimal 
tilt angle for any given location can greatly help in the 
design of solar power with enhanced energy yield.  
Accordingly, in this work, clearness index–based method 
for computation of the mean daily insolation, the annual 
mean of the daily isolation and the annual fixed optimal tilt 
angle for the PV power plant is presented. Presently, there 
are some available empirical expressions for determining 
optimal tilt angle based on location latitude [17,18,19]. In 
this work, about 4 of such empirical optimal angle options 
and evaluated in respect of the optimal tilt angle obtained in 
this work. 

 

2. METHODOLOGY 

This study is concerned with presenting an approach for, 
one computing the daily mean insolation on a tilted PV 
plane and two, obtaining the yearly fixed optimal PV tilt 
angle for the PV installation based on the computed daily 
mean insolation.  In order to compute the daily mean 
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insolation on a tilted PV plane, the following parameters 
are needed; 

i. Solar constant, Gsc where Gsc =1353 W/𝑚   
ii. The PV module installation site latitude (Lat) and 

longitude (Lon).  In this study Lat  =5.041299 and 
Lon  = 7.974398 which is the location for 
University of Uyo Permanent site. 

iii. The PV module tilt angle ( 𝛽 . Each of the 
following optimal tilt angle options are considered 
and compare with the optimum tilt angle obtained 
in this study [20,21,22,23];  

𝛽  =  Lat       (1) 

𝛽  =  Lat +10       (2) 

𝛽  =  Lat +15      (3) 

𝛽  = 0.69 (Lat) + 3.7       (4) 

iv. The ground reflectance parameter (ρ). A value of ρ  
= 0.2 is used  

v. The computation is performed for each of the 365 
days in a year. Hence, the day number, n = 
1,2,3,….365. 

vi. The index (𝐾𝑇 ; The data for 𝐾𝑇  for each of 
the 365 days in a year are obtained from NASA 
portal based on the PV module installation site 
latitude (Lat) and longitude (Lon).  The scatter plot 
of the KT dataset is shown in Figure 1. 

 

Figure 1 The scatter plot of the KT dataset  

The mathematical expressions and algorithm used to 
compute the daily mean insolation on a tilted PV plane  and 
to obtain the yearly fixed optimal PV tilt angle for the PV 
installation are presented in the following 12 steps [24]; 

Step 1: Calculate the declination angle, 𝛿  where; 

𝛿 23.45 Sin 
    

          (5) 

Step 2: Calculate the sunset hour angle, 𝑤  where; 

𝑤 cos tan 𝛿  tan Lat           (6) 

Step 3: Calculate the extraterrestrial insolation on a 
horizontal surface, 𝐻  where; 

𝐻 𝐾  𝐾          (7) 

Where; 

𝐾   3600 Gsc  1  0.033 Cos
 

          

(8) 

 𝐾   Cos Lat  Cos 𝛿  Sin 𝑤

 Sin Lat  Sin 𝛿           (9) 

     Step 4: Calculate the terrestrial insolation on a horizontal 
surface, 𝐻  where; 

𝐻 𝐻  𝐾𝑇          (10) 

     Step 5: Calculate the diffuse radiation on a horizontal 
surface, 𝐻  where; 

 𝐾  - 𝐾           (11) 

Where; 

𝐾  0.775 + 0.00653  𝑤  –  90       (12) 

𝐾

 0.505 

 0.00455 𝑤  –  90 Cos  115 𝐾𝑇  –  103       

 (13) 

𝐻  𝐻          (14) 

     Step 6: Calculate  𝐿𝑎𝑡𝛽  where; 

𝐿𝑎𝑡𝛽
𝐿𝑎𝑡 𝛽  𝑖𝑓 𝐿𝑎𝑡 0  𝑁𝑜𝑟𝑡ℎ𝑒𝑟𝑛 ℎ𝑒𝑚𝑖𝑠𝑝ℎ𝑒𝑟𝑒
𝐿𝑎𝑡 𝛽   𝑖𝑓 𝐿𝑎𝑡 0  𝑆𝑜𝑢𝑡ℎ𝑒𝑟𝑛 ℎ𝑒𝑚𝑖𝑠𝑝ℎ𝑒𝑟𝑒        

(15) 
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Step 7: Calculate the sunset hour angle for the titled 
collector , 𝑤  where; 

𝑤 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 
cos tan 𝛿  tan Lat

, cos tan 𝛿  tan 𝐿𝑎𝑡𝛽  
  

(16) 

Step 8: Calculate the ratio of the daily mean beam radiation 
on the tilted surface to the daily mean beam 
radiation on a horizontal plane, 𝑅  where; 

𝑅             (17) 

Where; 

𝐾 Cos 𝐿𝑎𝑡𝛽  Cos 𝛿  Sin 𝑤         (18) 

𝐾  Sin 𝐿𝑎𝑡𝛽  Sin 𝛿         (19) 

𝐾 Cos Lat  Cos 𝛿  Sin 𝑤         (20) 

𝐾  Sin 𝐿𝑎𝑡  Sin 𝛿         (21) 

Step 9: Calculate the mean daily total radiation on the tilted 
surface, 𝐻  where; 

𝐻 𝐻 𝐻 𝑅  𝐻

ρ        (22) 

Step 10: Calculate the transposition ratio, Tr n  for tilt 
angle, 𝛽 where; 

Tr n   
  

   ° 

  
       (23) 

Step 11: Calculate the annual mean transposition ratio, 
𝐴𝑀Tr  for tilt angle, 𝛽 where; 

𝐴𝑀Tr   ∑
  

   ° 

∑
  

      (24) 

Step 12: Plot the graph of  𝐴𝑀Tr   versus  𝛽   and fit 
quadratic trend line to the graph. Determine the first 

derivative of the quadratic expression, , set the 

derivative to zero and solve for the value of 𝛽 at  

=0.   The value of 𝛽 obtained is the optimal tilt angle. 

3 RESULTS AND DISCUSSION 

Based on the mathematical expressions and 12 steps 
algorithm, sample computation of the daily mean insolation 
on a tilted PV plane is conducted for a case study PV 
installation located at University of Uyo Permanent site 
with latitude of 5.041299 and longitude of 9.041299. The 
results for the sample calculation at University of Uyo 
Permanent site are presented for each of the 12 steps in the 
algorithm.    

Step 1: For January 1st 2023, n =1, hence, the declination 
angle, 𝛿  is given as; 

𝛿 23.45 Sin 
    

= -23.01163673° 

Step 2: The latitude = 5.041299 and longitude = 
7.17849631, hence, the sunset hour angle, 𝑤  
is given as; 

𝑤 cos tan 23.0116367  tan 5.041299  = 
87.85284° 

Step 3: Given that Gsc 1353 (kWh/m².day) for January 
1, then,  the extraterrestrial insolation on a horizontal 
surface, 𝐻  is given as; 

𝐾

  3600 1353  1  0.033 Cos
 

  38.4379248 

 

𝐾   
Cos 5.041299  Cos 23.0116367  Sin 87.85284

.
 Sin 5.041299  Sin 23.0116367  =    

0.86354937 

𝐻 38.4379248  0.86354937    33.1930458 

     Step 4: Given that 𝐾𝑇 0.6, then, th e terrestrial 
insolation on a horizontal surface, 𝐻  is 
given as; 

𝐻 33.1930458  0.6 19.91582751 

     Step 5: Calculate the diffuse radiation on a horizontal 
surface, 𝐻  where; 

𝐾  0.775 + 0.00653  87.85284 –  90  0.740979 

𝐾

 0.505 

 0.00455 87.85284 –  90 Cos  115 0.6  –  103 

 0.410565 

 0.740979  0.410565 = 0.330414 

𝐻 0.330414 19.91582751  6.580477 

     Step 6: The tilt angle, 𝛽  = 7.17849631, and 𝐿𝑎𝑡  = 
5.041299 > 0, hence,   𝐿𝑎𝑡𝛽  where; 

𝐿𝑎𝑡𝛽 5.041299 7.17849631 2.13719731 

Step 7: The sunset hour angle for the titled collector, 𝑤  
where; 

𝑤

𝑚𝑖𝑛𝑖𝑚𝑢𝑚 
cos tan 23.01163673  tan 5.041299 ,

cos tan 23.01163673  tan 2.13719731  
 

87.85284 

Step 8: The ratio of the daily mean beam radiation on the 
tilted surface to the daily mean beam radiation on 
a horizontal plane, 𝑅  is given as; 
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𝐾
Cos 2.13719731  Cos 23.01163673  Sin 87.85284  

  0.919139438 

𝐾
.

 Sin 2.13719731  Sin 23.01163673   

0.916221184 

𝐾
Cos 5.041299  Cos 23.01163673  Sin 87.85284

 0.022353226  

𝐾
.

 Sin 5.041299  Sin 23.01163673

 0.05267181  

𝑅
. .

. .
 

.

.

 1.090259217     

Step 9: Now, ρ  =0.2, then, the mean daily total radiation on 
the tilted surface, 𝐻  is given as; 

𝐻 19.91582751 6.580477 1.090259217

 6.580477
1 𝐶𝑜𝑠 7.1784963

2

0.2
1 𝐶𝑜𝑠 7.1784963

2

21.09445969 

𝐻 14.53898916  6.5546867 0.000783833
21.09445969 

Step 10: The transposition ratio, Tr n  for tilt angle, 𝛽 is 
given as; 

Tr n   
𝟐𝟏.𝟎𝟗𝟒𝟒𝟓𝟗𝟔𝟗

.
1.059180678 

Step 11: The annual mean transposition ratio, 𝐴𝑀Tr  for 
tilt angle, 𝛽 is given as; 

𝐴𝑀Tr   ∑
  

   ° 
 1.0374224 

Step 12: The graph of   𝐻  and    𝐻  °  ( that is 
𝐻  versus day number for 365 days are 
presented in Figure 2 while the graph of the 
transposition ratio, Tr n  for the tilt angle, 𝛽 
= 7.17849631 is shown in Figure 3.  

The results of the PV tilt Angle,  β (°) and the 
corresponding the annual mean transposition ratio obtained 
are presented in Table 2.  The annual mean transposition 
ratio results are obtained from the daily transposition ratio 
computed for a whole year. The computation was 
performed for tilt angles ranging from 1° to 70°. Based on 
this range of tilt angle, the optimal tilt angle is obtained 
from the trend line equation (in Equation 25 and shown in 
Figure 4) and its derivative   (in Equation 26) as 2.998468°. 

𝐴𝑀Tr  = -0.0000979 β 2 + 0.0005871 β + 1.0375494       
(25) 

 = -0.000196 β + 0.0005871         (26) 

                              β  = 2.998468 

In order to obtain a more accurate optimal tilt angle, the 
range of the tilt angle considered is narrowed down from 1° 
to 10°.  The computation was performed based  on tilt 
angles ranging from 1° to 10°. Based on this range of tilt 
angle, the optimal tilt angle is obtained from the trend line 
equation (in Equation 27 and shown in Figure 5) and its 
derivative   (in Equation 28) as 5.643515°. 

 

𝐴𝑀Tr  = -0.0001195x2 + 0.0013488x + 1.0338976           
(27) 

 = -0.000196 β + 0.0005871         (28) 

                              β  = 5.643515 
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Figure 2  The graph of computed    𝐻  for the tilt angle, 𝛽 = 7.17849631  and    𝐻  °  ( that is 𝐻  versus day number 
for 365 days 

 

Figure 3 The graph of the transposition ratio, Tr n  versus day number for the tilt angle, 𝛽 = 7.17849631 
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Table 1 The PV tilt Angle,  β (°) and the corresponding the annual mean transposition ratio 

S/N 

 

PV tilt Angle,  β 
(°) 

Annual mean 
transposition ratio 

1 1 1.035127

2 3 1.0368684

3 5 1.037654

4 5.041299 1.0376606

5 7.178496 1.0374224

6 10 1.035436

7 15 1.027262

8 20 1.013201

9 30 0.967948

10 40 0.90124

11 60 0.714288

12 70 0.60353

 
Optimal tilt 

angle estimates 

Annual mean 
transposition ratio at 

optimal tilt angle 
options 

Initial approximation of the optimal tilt angle 2.998468 1.0368674 

The optimal tilt angle 5.643515 1.0377041 

 

 

Figure 4 The graph of the annual mean transposition ratio versus PV tilt angle,  β    for 1 ≤ β ≤ 70  

y = -0.0000979x2 + 0.0005871x + 1.0375494
R² = 0.9995654

0.5

0.6

0.7

0.8

0.9

1

1.1

0 5 10 15 20 25 30 35 40 45 50 55 60 65 70A
n
n
u
al
	m
ea
n
	tr
an
sp
os
it
io
n
	r
at
io

Tilt	Angle		β	(°)

Annual mean transposition ratio

Annual mean transposition ratio for tilt angle,  β =2.998468 °

Poly. (Annual mean transposition ratio)



International Multilingual Journal of Science and Technology (IMJST) 
ISSN: 2528-9810 

Vol. 9 Issue 3, March - 2024 

www.imjst.org 
IMJSTP29121028 7358 

 

Figure 5 The graph of the annual mean transposition ratio versus PV tilt angle,  β    for 1 ≤ β ≤ 10  

Comparison of the results of the various optimal tilt angle 
options are presented in Table 2 and Figure 5 while Figure 
6 presents the comparison of the error in the various 
optimal tilt angle options. It can be seen from Table 2, 
Figure 5 and Figure 6 that the optimal tilt angle of  
5.643515° has the highest annual mean transposition ratio 
of 1.0377041, followed by optimal tilt angle of  5.041299° 
which has the annual mean transposition ratio of 1.0376606 

and error of about 0.004%. The initial estimate of the 
optimal tilt angle is 2.998468° and it has error in the annual 
mean transposition ratio of 0.081 %, as shown in Figure 6. 
Generally, the results showed that the empirical optimal 
angle options in Equation 1 and Equation 4 can be adopted 
when error of about  0.01% can be accommodated. On the 
other hand, empirical optimal angle options in Equation 2 
and Equation 3 gave errors above 4 %. 

Table 2 Comparison of the results of the various optimal tilt angle options 

 
Optimal tilt 

angle options 

Annual mean 
transposition ratio at 

optimal tilt angle 
options 

 

Initial approximation of the optimal tilt angle 2.998468 1.0368674  

The optimal tilt angle 5.643515 1.0377041  

𝛽  =  Lat        5.041299 1.0376606  

𝛽  = 0.69 (Lat) + 3.7 7.178496 1.0374224  

𝛽  =  Lat +10        15.0413 0.993492  

𝛽  =  Lat +15 20.0413 0.979846  
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Figure 6 Comparison of the results of the various optimal tilt angle options 

 

 

Figure 7 Comparison of the error in the various optimal tilt angle options

 

4. CONCLUSION 

An the approach for using clearness index  dataset and sun 
position angles in computing the daily mean insolation on a 
tilted PV plane and also in obtaining the yearly fixed 
optimal tilt angle for the PV installation are presented. The 
analytical expression and sequential steps for the 
computations are presented along with sample computation 
based on a case study PV installation at University of Uyo 
permanent site. The optimal tilt angle obtained is compared 
with four other empirical optimal tilt angle options. The 

results showed that two of the available options have errors 
less than 0.01 % of the optimal solution while the other 
remaining two options have error above 4 % of the optimal 
solution. 
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